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Abstract In this paper we study the curvature properties of Kropina metric. We find expres-
sions for Riemann curvature and Ricci curvature of a Kropina metric when the 1-form β is
a Killing form of constant length. We give a characterization of projectively flat Kropina
metric and Kropina metric with isotropic S-curvature.
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1 Introduction
A Finsler metric L(x, y) on an n-dimensional manifold Mn is called an (α, β)-metric [3]
L(α, β) if L is positively homogeneous function of α and β of degree one, where α2 =
ai j (x)yi y j is a Riemannian metric and β = bi (x)yi is a 1-form on Mn . Kropina metrics are
special (α, β) metrics defined in the form F = α2
β
. They form an important class of Finsler
metrics investigated by Kropina [2] in 1961. Since then many authors have investigated the
geometric properties of Kropina metrics. There are several interesting curvatures in Finsler
geometry, among them two important and interesting curvatures are Riemann curvature and
the Ricci curvature. The Ricci curvature plays an important role in the geometry of Finsler
manifolds and is defined as the trace of the Riemannian curvature on each tangent space.
Shen [4] introduced the notion of S- curvature, a non-Riemannian quantity which measures
the rate of change of the volume form of a Finsler space along the geodesics. The S-curvature
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vanishes for Berwald metrics including Riemannian metric. In this paper we give an explicit
formula of the Riemannian curvature and the Ricci curvature of a Kropina metric where β
is a Killing 1-form of constant length. We prove the conditions for a Kropina metric to have
isotropic S-curvature and to be projectively flat.
2 Preliminaries
Let F = α2
β
be a Kropina metric [2], where α2 = ai j (x)yi y j is a Riemannian metric
and β = bi (x)yi is a 1-form on an n-dimensional manifold Mn . Let Fn = (Mn, F) be the
Finsler space equipped with the Kropina metric F . Then the space Rn = (Mn, α) is called the
associated Riemannian space with Fn = (Mn, L(α, β)). The covariant differentiation with
respect to the Levi Civita connection γ ijk(x) of Rn is denoted by (:). We put (ai j ) = (ai j )−1
and we use the symbols as follows: [1,6]
ri j = 12 (bi; j + b j;i ), si j =
1
2
(bi; j − b j;i ), si j = air sr j , s j = br sr j , bi = air br andb2
= arsbr bs .
Let F = αφ(s), s = β
α
. For a Kropina metric F , we have
φ(s) = 1
s
. (2.1)
The spray coefficients Gi of F are given by [1]:
Gi = Giα + αQsi0 + χ(−2αQs0 + r00)
yi
α
+ (−2αQs0 + r00)
{
bi − s y
i
α
}
, (2.2)
where
Q : = φ
′
φ − sφ′ ,
χ : = (φ − sφ
′)φ′
2φ((φ − sφ′) + (b2 − s2)φ′′) , (2.3)
 : = φ
′′
2((φ − sφ′) + (b2 − s2)φ′′) .
The Riemann curvature is a family of linear maps
Ry = Ri k ∂
∂xi
⊗ dxk : Tx Mn −→ Tx Mn,
defined by
Ri k = 2∂G
i
∂xk
− y j ∂
2Gi
∂x j∂yk
+ 2G j ∂
2Gi
∂y j∂yk
− ∂G
i
∂y j
∂Gi
∂yk
. (2.4)
The Ricci curvature and Ricci scalar are defined by
Ric = Ri i , R = 1
n − 1 Ric. (2.5)
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The S-curvature of a Finsler space Fn = (Mn, F) is a scalar function S : T Mn −→ R
defined by [4]
S = ∂G
m
∂ym
− ym ∂(lnσF )
∂xm
, (2.6)
where σF = V ol(Bn)V ol{(yi )∈Rn |F(x,yi ∂
∂xi
|x )<1} .
A Finsler space Fn = (Mn, F) is said to have isotropic S-curvature if there exists a smooth
function c = c(x) on Mn such that S = (n + 1)cF .
The E-curvature E of a Finsler space Fn = (Mn, F) is a scalar function E : TP Mn ×
TP Mn −→ R defined by
Ei j = 12 Syi y j . (2.7)
A Finsler space Fn = (Mn, F) is said to have isotropic E-curvature if there exists a smooth
function c = c(x) on Mn such that E = (n + 1)cFyi y j .
3 Riemann curvature and Ricci-curvature of a Kropina metric
Let F = α2
β
be a Kropina metric on an n-dimensional manifold Mn . From (2.2), the geodesic
coefficients Gi of F are related to the coefficients αGi of α by
Gi = αGi + Pyi + Qi , (3.1)
where
P = − 1
b2
(s0 + F−1r00), (3.2)
Qi = −1
2
[
Fsi0 −
1
b2
(Fs0 + r00)bi
]
. (3.3)
In this section, we assume that β is a Killing form of constant length. i.e., β satisfies
ri j = 0, and b j b j :k = 0. (3.4)
(3.4) implies that
si j = bi : j , s j = bi si j = 0, bi s j i = bi sri a jr = −bi sir a jr = 0. (3.5)
Thus P = 0 and (3.1) reduces to
Gi = αGi + Qi , (3.6)
where
Qi = −1
2
Fsi 0. (3.7)
Now from (2.4) and (3.6), we obtain [5]
Ri k = α Ri k +
{
2Qi:k − y j (Qi: j )yk − (Qi )y j (Q j )yk + 2Q j (Qi )y j yk
}
, (3.8)
where (Qi )yk = ∂ Q
i
∂yk .
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Since α:k = 0 and y:k = 0, we have F:k =
(
α2
β
)
:k = −
α2
β2
s0k and Fyk =
(
α2
β
)
yk
=
1
β
(
2yk − α2β
)
bk . Thus from (3.7), we have
Qi:k =
α2
2β2
s0ks
i
0 − α
2
2β
si 0:k, (3.9)
y j (Qi: j )yk = −
1
2
[
2yk
β
− α
2
β
bk
]
si 0:0 + α
2
2β2
sk0s
i
0 − α
2
2β
si k:0, (3.10)
(Qi )y j (Q j )yk =
α2
2β2
y j s j ksi 0 + α
2
4β2
si j s j 0
(
2yk − α
2
β
bk
)
+ α
4
4β2
si j s j k, (3.11)
Q j (Qi )y j yk =
α2
4β2
[
2sk0si 0 +
(
2yk − α
2
β
bk
)
s j 0si j
]
. (3.12)
Plugging them into (3.8), we get
Ri k = α Ri k + α
2
β2
s0ks
i
0 − α
2
β
si 0:k + yk
β
si 0:0 − α
2
2β2
bksi 0:0 − α
2
2β2
sk0s
i
0 + α
2
2β
si k:0
− α
2
2β2
y j s j ksi 0− α
4
4β2
si j s j k + α
2
β2
sk0s
i
0+ α
2
2β2
yksi j s j 0− α
4
4β3
bksi j s j 0. (3.13)
Since sk0 = −s0k, y j s j k = s0k , (3.13) can be written as
Ri k = α Ri k − α
2
β
si 0:k + yk
β
si 0:0 − α
2
2β2
bksi 0:0 + α
2
2β
si k:0
+ α
4
2β2
yksi j s j 0 − α
4
4β3
bksi j s j 0 − α
4
4β2
si j s j k . (3.14)
i.e., (3.14) is in the form
Ri k = α Ri k + α2(A + Bα−2),
where
A = − 1
β
si 0:k − 12β2 bks
i
0:0 + 12β s
i
k:0 + α
2
2β2
yksi j s j 0 − α
2
4β3
bksi j s j 0 − α
2
4β2
si j s j k,
B = yk
β
si 0:0.
Taking the trace of Ri k in (3.14) and using yksk 0:0 = 0 and bksk 0:0 = −sk0sk 0, we obtain
Ric = α Ric − α
2
β
si 0:k − α
4
4β2
si j s j k . (3.15)
Recently Zhang and Shen [7] obtained the relationship between Ricci curvature Ric of F
and α Ric of α, which reduces to Eq. (3.15), when β is a Killing form of constant length.
It is well known that [7], a Finsler metric F on an n-dimensional manifold Mn is called
an Einstein metric if Ric = σ F2, where σ = σ(x) is a scalar function on Mn .
By (3.15), we immediately obtain the following:
Ric = cF2, (3.16)
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where
c = −1
4
s j ksk j (3.17)
if and only if
α Ric = 1
β
sk 0:kα2. (3.18)
In (3.18), LHS α Ric is quadratic in y and RHS is a rational function. Therefore for n > 2,
there exist a scalar function λ such that sk 0:k = λβ . Hence the equation (3.18) takes the form
α Ric = λα2. i.e. α is an Einstein metric. Thus we have
Theorem 3.1 A Kropina metric F = α2
β
, where β is a Killing 1-form of constant length
on an n-dimensional manifold Mn(n > 2) is an Einstein metric if and only if α is also an
Einstein metric.
Let us take a local orthonormal frame {bi} on Mn with respect to α and ei = (y, bi)ni=1, a local
orthonormal frame on ∗T Mn determined by {bi}. Then α =
√∑n
i=1(yi )2, β =
∑
bi yi ,
y = yi bi. Equation (3.14) still holds for the coefficients of the Riemann curvature with
respect to {ei }ni=1. We have
Qi = −1
2
Fsi p y p = −12 Fbi :p y
p. (3.19)
Therefore (3.14) takes the form
Ri k = α Ri k − Fbi : j :k y j +
(
yk
β
− F
2β
bk
)
bi : j :p y j y p + 12 Fbi :k: j y
j
+ F
2β
ykb j :p y pbi :r yr − F
2
4β
bkbi : j b j :p y p − F
2
4β
bi : j b j :k . (3.20)
Using the Ricci identity
bi : j :k − bi :k: j = bmα Rmi jk, (3.21)
we have [5]:
bi : j :k y j = bi :k: j y j + bmα Rmi jk y j
and
bi : j :k y j yk = −b j :i :k y j yk
= −(b j :k:i + bmα Rmi jk)y j yk
= −bαm Rmi .
Plugging them into (3.20), we obtain
Ri k = α Ri k − F
(
bi :k: j + bmα Ri m jk
)
y j −
(
yk
β
− F
2β
bk
)
bmα Rmi +
1
2
Fbi :k: j y j
+ F
2β
ykb j :p y pbi :r yr − F
2
4β
[
bkbi : j b j :p y p − bi : j b j :k
]
. (3.22)
Since α is a Riemannian metric,
α Rhihk = −α Rhhik = −
(n − 1)
2
α Ryi yk . (3.23)
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Contracting (3.22) with respect to i and k and using (2.5), we obtain an equation for the Ricci
curvature Ric of F as follows:
Ric = α Ric − n − 1
2β
α2
β
bmα Rym yr yr + α
2
2β2
bmα Rmi bi − α
4
4β2
(bi : j )2, (3.24)
where α Ric is the Ricci curvature of α.
4 The S-curvature and projectively flat Kropina metric
In this section, we focus on the S-curvature of a Kropina metric F = α2
β
.
Differentiating (3.1), (3.2) and (3.3) with respect to yi , we obtain
Gm ym = αGmym + (Pym)ym + Qm ym , (4.1)
(Pym)ym = (n + 1)P, (4.2)
and
Qm ym =
(
F
β
− 1
b2
)
s0 − 1b2 r0mb
m − 1
2
F Sm m, (4.3)
where Gm ym = ∂Gm∂ym .
Using (4.1), (4.2) and (4.3) in (2.6) we get
S = αGmym −
1
b2
[
(n + 2)s0 + (n + 1)F−1r00 + r0mbm
]
+α
2
β2
s0 − 12 F S
m
m − ym (lnσF )xm , (4.4)
where (lnσF )xm = ∂(lnσF )∂xm .
We note that [1]
σF (x) = ρn+1σα(x), (4.5)
where ρ = ρ(x).
For a Riemannian metric α, we have
ym (lnσα)xm = αGmym . (4.6)
Plugging (4.5) and (4.6) in (4.4), we have
S = − 1
b2
[
(n + 2)s0 + (n + 1)F−1r00 + r0mbm
]
+α
2
β2
s0 − 12 F S
m
m − (n + 1)ρ−1ρxm ym . (4.7)
Suppose β is a Killing form (i.e. ri j = 0) and S = (n + 1)cF , where c = − 12(n+1) Sm m .
Then from (4.7), we have
(
(n + 2)β2 − b2α2) s0 − (n + 1)b2β2ρ−1ρxm ym = 0. (4.8)
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The above equation may be expressed as
(clmsn + dlmρxn )yl ym yn = 0, (4.9)
where
clm =
(
(n + 2)blbm − b2alm
)
, (4.10)
and
dlm = −(n + 1)b2blbmρ−1. (4.11)
Differentiating (4.9) successively with respect to yi , y j and yk , we obtain
ci j sk + di jρxk + (i jk) = 0, (4.12)
where +(i jk) denote the cyclic interchange of i, j, k and summation.
Conversely, suppose (4.12) holds. Then multiplying (4.12) by yi y j yk , we obtain (4.8).
Plugging (4.8) in (4.7), we get S = (n + 1)cF, where c = c(x), some function of x . i.e. F
has isotropic S-curvature. Thus we have
Proposition 1 The S-curvature S of a Kropina metric F = α2
β
is given by (4.7). If β is a
Killing form then the following are equivalent:
(1) F has isotropic S-curvature.
(2) ci j sk + di jρxk = 0, where ci j and di j are given by (4.10) and (4.11).
If β is a Killing form of constant length then from (4.7), it follows that S = (n + 1)cF,
where c = c(x), some function of x .
Conversely, suppose F has isotropic S-curvature, then from (4.8), we have
(n + 2)β2s0 − b2β2ρ−1ρxm ym = b2α2s0. (4.13)
Comparing the coefficients of α2 on both sides, we get s0 = 0. This implies si = 0. i.e. β is
of constant length. Thus we have
Proposition 2 If F = α2
β
is a Kropina metric and β is a Killing form, then the following are
equivalent:
(1) β is of constant length.
(2) F has isotropic S-curvature.
Combining Propositions 1 and 2, we have the following:
Theorem 4.2 The S-curvature of a Kropina metric is given by (4.7). If β is a Killing form
then the following are equivalent:
(1) β is of constant length.
(2) F has isotropic S-curvature.
(3) ci j sk + di jρxk = 0, where ci j and di j are given by (4.10) and (4.11).
Next we consider projectively flat Kropina metrics. Let the Kropina metric F = α2
β
be
projectively flat and β is a Killing form of constant length. Then Gi = P˜ yi and ri j = 0, si =
0. Therefore (3.1) and (3.2) yield
P˜ yi =α Gi + Qi , (4.14)
(n + 1)P˜ yi =α Gm ym yi + Qm ym yi . (4.15)
123
H. G. Nagaraja
From (4.14) and (4.15), we have
Qm ym yi − (n + 1)Qi =α Gm ym yi −α Gi . (4.16)
Using (3.3) and (4.3) in (4.16), we have
α2(Sm m yi − Si 0) = 2β((n + 1)αGi −α Gm ym yi ). (4.17)
Since ((n + 1)αGi −α Gm ym yi ) is quadratic in yi , both sides are identically zero.
i.e. α is projectively flat and
Sm m yi − Si 0 = 0. (4.18)
Differentiating (4.18) with respect to yi we get Sm m = 0.
Putting this in (4.18), we get Si 0 = 0. Therefore β is closed.
Conversely suppose β is closed and α is projectively flat. Then from (3.1), it follows that F
is projectively flat.
Thus we have
Theorem 4.3 A Kropina metric F = α2
β
, where β is a Killing form of constant length is
projectively flat if and only if β is closed and α is projectively flat.
From Theorems 4.2 and 4.3, we have
Theorem 4.4 For a Kropina metric F = α2
β
with β as a Killing form, the following are
equivalent:
(1) F has isotropic S-curvature.
(2) F is projectively flat.
(3) α is projectively flat and β is closed.
If β is a Killing form , then from (4.7) and (2.7), we have
Ei j = 12
[
1
β
(Fy j si + Fyi s j ) −
1
β2
(Fy j bi + Fyi b j )s0 + Fyi y j
1
β
s0
+F(2β−3bi b j s0 − 1
β2
(bi s j − b j si )) − 12 S
m
m Fyi y j
]
. (4.19)
From (4.19), it follows that Ei j = (n + 1)cF , where c = − 14(n+1) if and only if
1
β
(Fy j si + Fyi s j ) −
1
β2
(Fy j bi + Fyi b j )s0 + F(2β−3bi b j s0
− 1
β2
(bi s j − b j si ) + Fyi y j
1
β
s0 = 0. (4.20)
But (4.20) holds if and only if s0 = 0 or β is of constant length. Thus we have
Theorem 4.5 A Kropina metric F = α2
β
with β as a Killing form has isotropic E curvature
if and only if β is of constant length.
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